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20.  ABSTRACT  (Continue  an  rororoo  oldo  II  noooooory  md  Identity  by  block  number) 

}  Chernick  (1980)  showed  that  when  the  parameter^p^in  an  EARMA  (1,1)  sequence* Is 
equal  to  one,  the  distribution  of  the  maximum  term  converges  to  a  distribution 
of  the  general  form  given  by  Galambos  (1978).  This  distribution  is  not  one  of 
the  three  extreme-value  types.  In  this  report  the  asymptotic  joint  distribu¬ 
tion  of  the  maximum  and  minimum  is  obtained  using  the  same  conditioning 
argument  as  in  Chernick  (1980).  The  maximum  and  minimum  are  asymptotically 
independent  and  the  minimum  behaves  as  if  the  sequence  were  a  collection  of  — 
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1 20.  ABSTRACT  (Canttnumd) 


^independent  and  Identically  distributed  randoa  variables  even  though  the 
maximum  does  not  behave  aa  such.  The  asymptotic  distribution  for  the  range 
and  midrange  are  also  obtained.  / — 


1.  INTRODUCTION 


The  KARMA  (1,1)  process  was  Introduced  by  Jacobs  and  Lewis 
(Ref.  1).  When  the  paraneter  p  ■  1  the  sequence  Is  given  by 

*n  "  »cn  +  Un  Ao  for  ■  >  »• 

where  e^'s  are  1.1 *d.  with  density  f(x)  -  Xe"^x,  *>0,  A  >  0,  0  <  $  <  1  end 

{un}  Is  an  1.1. d.  Bernoulli  sequence  with  P[UQ  -  l]  •  1  -  0.  A0  has  density 

f(x)  and  Is  Independent  of  the  e  'a. 

H 

Chernlck  (Ref.  2)  showed  that  for  Mq  -  wax  (Xj,  Xj . Xq) 

p[Mn  <  ll3L-t*ll<,<>>>|  -  /  Xe"X“  exp(-e"*($  +  (l-$)eX*B»  da 

o 

This  asymptotic  distribution  denoted  by  Gg(x)  Is  not  an  extreme -~value  type  but 
Is  of  the  general  form  given  by  Galambos  (Ref.  3)  p.  144.  The  sequence  {XQ} 

Is  exchangeable. 

The  conditioning  argument  given  In  Chernlck  (Ref.  2)  can  be  used  to 
obtain  the  joint  asymptotic  distribution  for  the  maximum  and  minimum.  This 
result  will  be  given  In  the  next  section.  The  maximum  and  minimum  are 
asymptotically  Independent  and  the  minimum  behaves  asymptotically  similar  to 
the  minimum  of  an  1.1 «d.  sequence  of  exponential  random  variables. 

Lemma  2.2.1,  p.  58,  Galambos  (Ref.  3)  can  ba  applied  to  show  that 
the  range  and  midrange  behave  similar  to  the  maximum  asymptotically. 
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2.  ASYMPTOTIC  RESULTS 


When  6-1  the  sequence  Is  l.i.d.,  and  whan  0-0,  Xq  •  AQ  for 
each  n.  So  we  will  not  conaidar  these  cases. 


Theorem  2.1.  Let  /X_  l__.  he  an  EASMA  (1,1)  process  with  p  -  1  end 
—  1  n  Jn«i 


1  >  0  >  0. 


Mn  ■  aax  (Xj  ,  X2,  • • • ,  V  *nd 
Wn  —  min  (Xj,  %2*  •••»  ^q)* 


Proof:  Let  1^  -  number  of  0^  which  ere  0.  We  consider 


't*„  >  f-^1  ' 


P[2jj-  K  Xi  <  ~  for  each  ij. 


We  note  that  Xq  has  a  binomial  distribution  with  parameters  n  end 
1  -  0.  Also  given  A  «  a,  Xj  -  0^  if  •  0  end  *  0^  +  a  if  Uj  ■  1> 

Let  un  -  0(X  '  and  vn  "  Conditioning  on  and  A0  as  in  Chernicfc 

(Ref.  2)  we  have 


Pfv  <  X.  <  u  for  each  i]  - 
w  n  in  * 


Jb  O  **  -  »>”'k  *ir<  *,  <r]  ^  4*i] 


Xe-**  da 


r  . 

-ft  wV^VT -u'r  */  •  ,*  *.V‘V  .'“  ***  /  .‘'vV'.  "•*  " 
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For  0  <  a  <  v 


for  v  <  a  <  u  P 
n  n 


and  for  u  <  a  P 
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Equation  (1)  simplifies  to 


PK<  V  Mn  «  “J  * 

'<*>  -  i>  •?*+/**  rBf.'T/<6»). 


I  )"t  ♦/  Mi 

U  O 


Aa/_  -y/,.  »  -x 

+  (l-«.  8  (.  <8n>  -  i  d« 


+  /  (B(«  y/(Bn>  -  i*)  +  (1-8)  iWe))nX._>*  da. 


The  first  tern  In  Eq.  (2)  clearly  tends  to  zero  as  n The  second 
term  Is  bounded  by 


n  .  -Av  . 

/  Xe  da  «  i-e  n  -  Av  +  o(— ) 

n  'u' 


and  hence  the  second  term  tends  to  sero  also.  Now 
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/  °  -  i”")  +  (1-8)  (1-*^  X*/8)°X.  _i*  da 


i  (i  -  j  -  v  (* +  <i-«>«x*/6))“  *«'**  1* 

q  nr"  n  o 


/  e~y  exp (l-B>eXa/0)Xe‘Xa  da 
0 


-  e"y  Gg(x).  This  coaplstss  the  proof. 

If  we  let  **•  and  than  let  n+~  we  see  that  ***  P  [w  >  i-1  •  a-7 

n*"  n  An 

and  because  p[Mn  <  0(*  ^ -  Gp(x),  WQ  and  MQ  are  asynptotlcally 

A 

Independent.  If  Hq  represents  the  alnlaun  of  n  1.1. d.  exponential  randoa 
variables  with  density  f(x)  -  Xe”Xx,  than  p[Wq  >  »  e“y  for  each  n.  So 

A  A 

asynptotlcally,  «n  behaves  si  ml  lex  to  Vn>  On  the  other  hand,  if  Hn  la  the 
aaxloua  of  n  1.1. d.  exponential  variables  p[Mq  <  X— ^*n— ]  ♦  exp(-e^*)  as 

A 

n+».  So  Mjj  does  not  behave  at  all  slallar  to  and  In  fact  the  noralng 
constants  are  different. 

let  *„  .  M,  -  V„  «d  I„  -  OSi  +  «„  )/2.  Rq  la  called  the  range  and 
Tn  la  the  aldrange. 

Theoren  2.2.  For  the  KARMA  (1.1)  process  with  p  •  1  and  1  >  0  >  0 

U.  p[Rn  <  „(«  4-  ».(«)>]  .  G#(x)>  (3)  <nd  u.  p(Tti  <  s  («  ♦  t°<°))]  .  G((l).  (4, 

Proof.  Because  R„  -  Mq  -  Wn  and  2  Tn  »  M„  +  Wn  and  for  every 


«  >  0 


P(W  >  «)  -  0 

U 


direct  application  of 


2.2.1.  Galaabos  (Ref.  3)  yields  Bqs.  (3)  and  (4). 
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